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We deform the anti-de Sitter algebra by adding additional generators Zat, forming 
^D ' in this way the negative cosmological constant counterpart of the Maxwell algebra. 

fyf\- We gauge this algebra and construct a dynamical model with the help of a con- 

^. 

^ , strained the BF theory. It turns out that the resulting theory is described by the 

•/^ I Einstein-Cartan action with Hoist term, and the gauge fields associated with the 

Maxwell generators Zab appear only in topological terms that do not influence dy- 
Q^, namical field equations. We briefly comment on the extension of this construction, 

(~| , which would lead to a nontrivial Maxwell fields dynamics. 

cn 

K*" ' The Maxwell algebra is a non-central extension of Poincare algebra obtained by replacing the 

00 : 

^N . commutator of translations [Pa , Pb] = with 

1-^: [Va,Vb] = iZab , (1) 

O 

with Zab = —Zba being six abelian generators commuting with translations and forming a tensor 
with respect to Lorentz transformations 



X 



[Mab,Zcd\ = -i{r]acZbd + Vbd^ac " rjad^bc " Vbc^ad) (2) 

Such generalization of Poincare algebra arises when one considers symmetries of systems evolving 



fl, 



This kind of 



in flat Minkowski space filled in by constant electromagnetic background 

extension of the Poincare algebra is also of purely algebraic interest because it circumvents a well 

known theorem that does not allow for central extension of this algebra (see e.g., 3|, J], 5|). 

The Maxwell algebra attracted some attention recently because its supersymmetrization leads 
to a new form of the supersymmetry J\f = 1, D = 4: algebra, containing the super- Poincare algebra 
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as its subalgebra lu\. Even more interestingly it has been argued in [7[ that by making use of the 
gauged Maxwell algebra one can understand it as a source of an additional contribution to the 
cosmological term in Einstein gravity. In this paper we would like reexamine this claim. To this 
aim we present here an alternative construction of the action of gravity based on the gauging of 
the AdS-Maxwell algebra employing the concept of a constrained BF theory. 

It is well known that the action for gravity can be written in the form of a constrained BF 
theory for the de Sitter or Anti de Sitter algebra 81], [9|], [lO|], and Ul]. Let us shortly review this 
construction in the AdS case (the dS counterpart can be constructed along the same lines.) 

Take the Anti de Sitter algebra so(3, 2) 

[Mij, Mkl] = iiviLMjK + VjkMil - VikMjl - vjlMik) (3) 

with the metric tensor rjij, I, J = 0, ...,4 having the signature (—,+,+,+,—). Consider the 
connection one form A and the two form field B , both valued in this algebra, and take the 
most general Lagrangian quadratic in the field B and the curvature two form F of the connection 
A . The action reads 

16^ S{A, B) = j F" A Bu - ^B'-^ A Bij - ^e^^^^^S/j A Bkl (4) 

with a and /3 being dimensionless coupling constants. The first two terms in this action are invariant 
under the action of local so(3, 2) gauge symmetries if B transform under these symmetries like 
curvature (see below). The third term, however, is invariant only under the action of a subgroup 
of the Anti de Sitter group which leaves g^-^^^^ invariant^, which is its Lorentz subgroup with 
the algebra so(3, 1). This term can be thought of as a constraint, explicitly breaking the local 
translational invariance and rendering the action only local-Lorentz invariant. 

It is a remarkable fact that the action Q is equivalent to the action of Einstein-Cartan gravity 
(with negative cosmological constant) appended by topological terms. To see this one decomposes 
the connection A^'^ into Lorentz connection and the tetrad field 

Af = < , Af = \el , (5) 

with the dimensionfull constant I of dimension of length introduced so as to keep the tetrad 
dimensionless for the canonical dimension of connection. One then solves the algebraic equations 



^ As it is well known the totally antisymmetric symbol g^'^^^*^^ defined by e'^1234 = 1^ jg an invariant tensor 
of the algebra so(3, 2). 



for the field B^'^ and substitutes the result back to the action, obtaining after some manipulations 

+ ^ j R^.uabey^e^^f"' (6) 

7^ + 1 37 3 

with 

A__j_ _ Gk 1 GA 7 _^ 

3~"F' "~~(l + 72)' ^"^(1 + 72)' ^~a' 

The first two terms in ([6]) is just the Einstein-Cartan action with the cosmological term, the third 
is the Hoist term, and the remaining ones are the Nieh-Yan, Pontryagin, and Euler invariants (see 
6g., [lO|] or [1^ for details of this construction.) 

The action ([6]) can be written down in a more compact form as follows 

5(c., e) = ^j i^^M^'^'F^, A F., - ^ T» A T.) , (7) 

where the AdS curvature F""^ is defined below (J13p . T" = F"^ is torsion, and 

We will find this particular form of the action convenient below. 

Let us then repeat this construction in the case when the Anti de Sitter symmetry is replaced 
with its Maxwell generalization. The AdS-Maxwell algebra has the form (this algebra, which is 
a direct sum of the Lorentz and anti de Sitter algebras, so(3, 1) © so(3,2), has been previously 

n n n 

discussed in [13[ , and [Ij] ; see also [15| ) 

[Va,Vb]=i{Mah-Zab), (9) 

[Mab, Med] = -iiVacMbd + ribdMac - riadMbc - VbcMad), 

[Mab, Zed] = -iiVacZbd + VbdZac - rjadZbc " VbcMad), 

[Zab, Zcd\ = —iiVac^bd + rjbdZac — Vad^bc - Vbc^ad), 

[Mab, Vc] = -iiVacVb - 7]bcVa), [Zab, ^^c] = . 

One can readily gauge this algebra by defining the gauge field (connection) 

A^ = ^CJ^'^'Mab + ^e^^Va + \K'''Zab (10) 



and its curvature tensor 

V = df,A^ - d^A^ -i[A^, A^] (11) 

which can be decomposed into Lorentz, translational, and Maxwell parts 

IF/.. = I F-t Mat + )t;, Va + \ G% Za, , (12) 



2 /lU ■ -U.U ■ ^ fj,u ■ u. ■ ^ 



where 



pab ^ f>ab , ]_( a b _ a b\ /-i o\ 

G?. = D-^hf - D^X - ^K^t - ^"O + KKc' - K'h^c") ■ (15) 

In the formula above we denote by D^[*) = d^{*) — i[u)f^, (*)] the covariant derivative of the 
Lorentz connection co. Using the full covariant derivative Df we can write the Bianchi identity for 
the curvature F^^,, to wit 

e^'''P^D^¥{A),p = 0, (16) 

which can be again decomposed into 

e^^'^P'^{D^^T-^-R%ep,) = Q (18) 

^,up. ^D^^+h)Qab^ ^ 2/i-F,,,^ - |e^r^^) = (19) 

Let us notice in passing that using (|17p the last identity can be rewritten in a more compact form 
as follows 

gM^P- ^(a;+h) (^a6 ^ pab-^ ^ ^^.vpa Jji^+h) J^ab^^^ + h) = (20) 

Before turning to the construction of the action we need an explicit form of gauge transforma- 
tions of the components of connection and curvature. These gauge transformation read 

5eA^ = d^e - i[A^, G] = D^e , 6e¥^, = i[e,¥^,] , (21) 

where the gauge parameter decomposes into parameters of local Lorentz, translation and Maxwell 
symmetries 

G = ^X'^'Mab + era + ^r'^'Zab ■ (22) 



By direct calculation we see that the connection components transform as follows 

5euf = Z)-A'^'' + i(e«e'-e^e") (23) 

while for the components of the curvature we find 

SeFfu = -][C,T,,r-[\,F,,r'' (24) 

Let us now turn to the construction of the AdS-Maxwell analogue of the action Q . The general- 
ization of the first term in gj) should look like 2Ba A T" + Bab A F"'' + Cab A G"^ with B" = B"^. 
These combination of terms must be invariant under action of all local symmetries of the theory, 
and this requirement fixes the transformation rules for the fields B and C to be as follows 

S^B"^ = {B^d" - B^C) , kC"^ = , kB" = {B^^ - C''^)(b ; (25) 

d^B'"'' = -[A, B]"^ , dxC^ = -[A, Cf^ , SxB"" = -X\B'' ; (26) 

SrB"^ = -[t,C]''\ 5rC'''' = -[T,C]'''', 5rB'' = 0. (27) 

In the next step we must generalize the second term in the action (j3|). Looking at (j25p - (|27p we see 
that there are two gauge invariant terms quadratic in the fields B and C, namely 

B"" ABa + B""^ A Bab - 2C"** A Bab and C"^ A Cab ■ 

In the last step we must find the terms that are generalizations of the third, gauge breaking 
term in ([3|). Since here we are going to differ from the choice of made in the paper [7\, let us proceed 
with some care. In that paper the authors allow for the cosmological constant term and all terms 
linear and quadratic in curvatures, which were invariant under local Lorentz transformations, not 
imposing any conditions following from the Maxwell sector of the symmetry algebra. Here we follow 
a different path, generalizing the last term in the action ^ so as to preserve both the Lorentz and 
Maxwell symmetries. In another words we take the most general terms that break the translational 
symmetry (which, as a result becomes the general coordinate invariance on shell, as usual), keeping 
all the other symmetries of the unconstrained theory operational. Since our resulting action will 
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have more symmetries than the one considered in [Ti], the dynamics it describes is expected to be 
more restrictive than the one considered in that paper. As we will see in a moment this is exactly 
what is going to happen. There are two combinations of terms satisfying this requirement, namely 
e°-'"^^Cab/\Ccd and €°-^^'^{Bab^Bcd — '2.Cabf\Bcd)- Therefore the action of our constrained topological 
theory has the form 



167rS(A,5) = f 2{B''^ A Fa4 - ^B''^ A Boa) 



+B-' A Fab - ^B-' A Bab - je'^^'^Bab A B^ 

+C"^^ A Gab - ^C^' A Cab - -/""""Cab A ^d 

+/3C'^^ A Bab + |e"''^C,b A B,d (28) 

By construction this action is invariant under local Lorentz and Maxwell symmetries with the 
translational symmetry being broken explicitly by the 'epsilon' terms. 
The algebraic B and C field equations take the form 

^T" = ^B" (29) 

Qab ^ p^ab ^ l^abcd(j^^ _ ^^ab _ '^^^bcd^^^ (3q^ 

pab ^ p^ab ^ ^e'^bcd^^^ _ i^fjab _ '^^abcd^^^ ^^-^^ 

Using these equations the action (|28p can be written in the simpler form 

IGvr S{A, B) = ^f (b'^' A Fab + C'' ^Gab + ^ B'^^ A ^,4) , (32) 

which after substituting the algebraic equations for B and C fields becomes 
16^ S (w, h,e) = j {^^M^^'^'^Fab AF.d-^T'^A Ta) 

+ J \N''"'\Fab + Gab) A {F,d + G,d) (33) 

with M"'"'''- given by ([8]) and 

rabcd [a — a) 1 P — f3 j-abcd abed 



N"'"" = ^^-f^ —r ^-^^^"^^ _ e^"^^ . (34) 

[a -ay + [p- p)-' \a - a ) 

The action (jSSp is the final result of this paper. Let us turn to the discussion of its meaning. 

The first line of (ISSp is just our original action for gravity with negative cosmological constant 

(and with Hoist and topological terms) given by eq. ([7|) and ([6]). It is easy to see that the second 

line of this expression is just a topological invariant, which, in particular, does not contribute to 



the dynamical field equations. This follows from the fact that the sum of two curvatures F""^ and 
G is the Riemannian curvature of the sum of two connections 

F^^u, e) + G'^^/i, e) = R^^{u + h) = d{uj + hf^ + (a; + hf^ A (w + hf^ , 

and, in particular the tetrad terms cancel out in this expression. Therefore the term in the second 
line line of (I33p is a sum of the Euler and Pontryagin invariants, calculated for the connection 
uj + h. 

Thus we see that our construction leads just to the Einstein-Cartan gravity action with the 
gauge field associated with the Maxwell symmetry not influencing the dynamics and contributing 
only to the boundary terms. In particular the Maxwell terms do not contribute to the cosmological 
constant term and we do not see any trace of the "generalized cosmological term" described in [71]. 

However the disappearance of the field h from the dynamics of the theory is puzzling and requires 
explanation. Indeed, the r gauge invariance in (|23|) is not sufficient to gauge away the field h. The 
resolution of this puzzle is simple. Our starting constrained BFCG theory is geometrical. Its 
building blocks are one forms and the only operations available in the construction of the action 
are differentiation d and the wedge product A of forms. Using these one cannot construct Yang- 
Mills terms in the action, which require the use of the Hodge dual. Thus with the tools at hands 
one simply cannot construct terms in the action that would result in a nontrivial dynamics of the 
MaxweU field /i^"^ 



One could add such terms to the action (j33|) by hands, of course. It is easy to check that the 
vest order dynamical t 
would be of the form [J] 



lowest order dynamical term for h^ that preserves both local Lorentz and Maxwell symmetries 

e (F^.'^" + G^/') {F'^\b + G>^\b) , (35) 

which, contrary to the terms in our geometrical action above is non-polynomial in fields and would 
lead to the higher derivative theory of gravity [16;]. It is tempting to speculate that perhaps adding 



the Maxwell-gravity terms like psp may render the behavior of a quantum theory defined by (|33p , 



less pathological [17l]. The theory defined by the sum of actions (j55|) and ([55]) seems to be 
quite interesting and we will discuss it in details in a separate paper. 
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